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1. Introduction
We let R denote a real closed field, and consider a structure R expanding R. In the following, we abbreviate definable in
Rwith parameters from R as definable. Moreover, we assume that the structureR is o-minimal; that is, all definable subsets
of R are finite unions of open intervals and singletons. See [2–4] for a general introduction to o-minimal structures.
Supposem ∈ N. A function f : U → R is calledm-times Peano differentiable at x ∈ U (where U is an open subset of Rn)
if there exists a polynomial p ∈ R[X1, . . . , Xn] of degree at mostmwith p(0) = 0 such that
f (y)− f (x) = p(y− x)+ o(‖y− x‖m)
as y → x. This polynomial p is, if it exists, uniquely determined by the function f around the point x. If f is m-times
Peano differentiable at every point of its domain, we call f : U → R simply m-times Peano differentiable, or for short say
f ∈ Pm(U, R). By Taylor’s Theorem, every (definable) Cm function is a Pm function. On the other hand, the Pm functions
are those functions which have a Taylor polynomial of orderm at every point.
For any multi-index α = (α1, . . . , αn) ∈ Nn we set |α| = α1 + · · · + αn and α! = α1 · · ·αn. Moreover, we set
(X1, . . . , Xn)α = Xα11 · · · Xαnn .
The above polynomial p can be written as
p(X1, . . . , Xn) =
∑
|α|≤m
aα
α! (X1, . . . , Xn)
α.
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The αth (Peano) derivative Dα f (x) of f at x is
Dα f (x) := aα.
By Taylor’s Theorem, the usual αth derivative of a Cm function coincides with the αth Peano derivative. However, to avoid
confusion, the polynomial p is called the Peano polynomial (of orderm) even if f is not a Cm function.
Although a definable Pm function is not necessarily a C1 function (see [5,7]), the definable Pm functions have strong
connections with definable Cm functions. If f ∈ Pm(R, R) is definable, then f is a Cm function since the Cm-singular points
of a definablePm function form a definable set of co-dimension at least 2. The gluing of definableCmWhitney fields defined
on closed definable sets is in general not a Cm Whitney field, but it is always the restriction of a definable Pm function
defined on the whole ambient space; cf. [8, Thm. 1.3]. Moreover, subanalytic Pm functions become Cm after composing
with finitely many analytic blowings-up; cf. [10, Cor. 2.4].
We say that f is smooth if and only if f is of class C∞. By analogy with the definition of C∞ we set
P∞(U, R) =
⋂
m∈N
Pm(U, R).
By [9, Exa. 2.1], a definable P∞ function is not necessarily of class C1 if C∞-flat functions are definable in the structure.
The situation is totally different if we additionally assume thatR is polynomially bounded; that is, every definable function
f : R→ R is ultimately bounded by x` for some ` ∈ N. In this case, we will prove the following theorem.
Theorem 1.1. LetR be polynomially bounded and o-minimal. Then every definable P∞ function f : U → R is smooth.
Miller has shown in [11] that the smooth functions in a polynomially bounded o-minimal expansion of R are quasianalytic;
that is, if U ⊂ Rn is definable and connected, u ∈ U , then the Taylor homomorphism T : U → R[[X]] mapping f to its
Taylor series at u is injective. He also showed that analytic and smooth coincide in a polynomially bounded expansion of the
globally subanalytic structure if the concepts coincide for unary functions.
J. Boman remarkably proved in [1] the remarkable result that a function f : Rn → R is smooth if f ◦ϕ is smooth for every
smooth curve ϕ : R→ Rn. It is well known that one cannot reduce to checking definable functions along definable smooth
curves; the theory of arc-analytic functions provides many counterexamples.
2. Proof of the theorem
We fix an o-minimal expansion R of a real closed field R. A definable subset X of a nonempty definable set U is called
thick in U if dim(U \ X) < dim(U). (dim(X) denotes the dimension of the definable set X; see [3, Chap. 4].) For a definable
set X we denote by X its topological closure and we set ∂X := X \ X .
Let Sn−1 denote the unit sphere in Rn. We prepare the proof of Theorem 1.1 by making several observations.
Lemma 2.1. Let ϕ : (−1, 1)→ Rn be a definable C1-curve such that
• ϕ′(0) = (1, 0, . . . , 0),
• ϕ1(t) = t,
• ϕ(0) = 0.
Let ρ : [0, 1)→ [0,∞) be a strictly monotone definable C1 function with ρ(0) = ρ ′(0) = 0. Suppose c, d > 0. Set
B(c, d, ϕ, ρ) := {x; 0 < x1 ≤ d, ‖x− ϕ(x1)‖ ≤ cρ(x1)}
Suppose that X ⊂ B(c, 1, ϕ, ρ) is a definable open thick set.
Then there are γ , δ > 0 and a definable C1-curve ψ : [−δ, δ] → Rn with
• ψ ′(0) = (1, 0, . . . , 0),
• ψ1(t) = t,
• ψ(0) = 0,
such that
B(γ , δ, ψ, ρ) ⊂ X .
Proof. Using
(x1, . . . , xn) 7→ (x1, x2 + ϕ2(x1), . . . , xn + ϕn(x1))
we may assume that ϕ(t) = (t, 0, . . . , 0).
Consider the mappingΦ : B(c, 1, ϕ, ρ)→ B(c, 1, ϕ, Id), defined by
Φ(x1, . . . , xn) :=
(
x1, x2
x1
ρ(x1)
, . . . , xn
x1
ρ(x1)
)
.
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ThenΦ is a definable homeomorphism. Let
A := X \ (X ∪ {0}),
and set
A′ := Φ(A).
Set
B := B(c, 1, ϕ, Id).
Let τ : Sn−1 ∩ B→ [0,∞) be the definable function given by
τ(ν) :=
{
inf{t; t > 0, tν ∈ A′}, if (0,∞)ν ∩ A 6= ∅,
1, otherwise.
We have dim(A′) ≤ n−1. So the Good Directions Lemma (see [3, p. 117]) implies that τ is strictly positive on a dense subset
of Sn−1 ∩ B. Hence, since the set {τ > 0} is definable, there is a definable n− 1-dimensional subset Y of Sn−1 ∩ B on which τ
is strictly positive. Again by o-minimality, we conclude that τ is continuous outside of a definable subset Z of Y of dimension
at most n− 2. Hence, there is a
ν = (ν1, . . . , νn) ∈ Sn−1 ∩ B
and ε, σ > 0 such that τ(ν ′) > σ for all ν ′ with ‖ν ′‖ = 1 and ‖ν − ν ′‖ < ε.
Let φ : [0,∞)→ Rn be defined by
φ(t) := t
ν1
ν.
Then, there are δ, γ > 0 such that
B(γ , δ, φ, Id) ∩ A′ = ∅.
Set
ψ := Φ−1 ◦ φ.
Then
B(γ , δ, ψ, ρ) ∩ A = Φ−1(B(γ , δ, φ, Id)) ∩ Φ−1(A′) = ∅.
Moreover, we have
ψ(t) =
(
t,
ν2
ν1
ρ(t), . . . ,
νn
ν1
ρ(t)
)
.
So ψ satisfies the desired properties. 
One of the crucial ingredients of our proof is the control of the growth of derivatives. Therefore, we will use weak Cauchy
estimates for definable Cm functions presented in [6, Prop. 2.1].
Proposition 2.2. Let f : U → R be a definablePm function. Then there is a definable open thick subset Z ⊂ U such that for each
multi-index α ∈ Nn with 1 ≤ |α| ≤ m, and for each u ∈ Z,
|Dα f (x)| ≤ Cdist(x, ∂Z)|α| sup{|f (y)| : y ∈ Z, ‖y− x‖ < dist(x, ∂Z)} (2.1)
where C depends only on |α|.
Proof. This proposition is proved in [6] for definable Cm functions. However, by the Cm cell decomposition theorem
(see [3, p. 116]), every definable function is of class Cm on a definable thick subset of its domain. So the statement holds
true for definable Pm functions. 
The following lemma might already be known in the literature. However, we did not find any reference.
Lemma 2.3. Let ϕ : (0, δ)→ Rn be a definable C1 curve with
lim
t→0ϕ(t) = 0
which is not locally constant near 0. Then there exists an orthogonal linear homomorphism σ : Rn → Rn, and a definable C1
curve ψ : [0,∆)→ Rn of the form
ψ(t) = (t, ψ2(t), . . . , ψn(t))
with
lim
t→0ψ
′
i (t) = 0, i ≥ 2,
such that Γ (ψ) ⊂ σ(Γ (ϕ)).
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Proof. Among the coordinate functions of ϕ there exists one, ϕi say, such that
|ϕi(t)| ≥ |ϕj(t)|
for j = 1, . . . , n and t < δ′. This function is of class C1 and it is strictly monotone on some interval (0, δ′′). Let
ρ(t) := |ϕi|−1(t)
for 0 < t < |φi(δ′′)|, and set
Φ(t) := ϕ(ρ(t)).
Now, we have that ϕj(ρ(t)) is O(t) as t → 0 for any choice of j = 1, . . . , n. Hence,
lim
t→0Φ
′(t) = v
exists (in Rn) and v 6= 0. Let σ : Rn → Rn be an orthogonal linear homomorphism mapping v/‖v‖ to (1, 0, . . . , 0). Then
ψ(t) := σ(Φ(t/‖v‖))
satisfies the desired properties for t close to 0. 
We now assume thatR is polynomially bounded.
Proof of Theorem 1.1. We show that f is of class Cm for every m ∈ N. Fix m. Let Sm(f ) denote the Cm-singular points of
f . This set is definable. For all |α| = m, the derivatives Dα f are definable functions. Hence there exists a partition of U into
definable sets A1, . . . , Ar such that Dα f restricted to Ai is continuous for any choice of i ∈ {1, . . . , r}. Suppose now that
dim(Sm(f )) = d ≥ 0.
Then, by the Cm cell decomposition theorem, we have d ≤ n− 1. Moreover, we may select a stratification of U compatible
with Sm(f ) and the sets A1, . . . , Ar ; cf. [3, p. 68]. By assumption, there is a stratum S ⊂ Sm(f ) of dimension d.
Assume, for a contradiction, that S is not empty and let ξ ∈ S. Without loss of generality, we may assume that ξ = 0.
Moreover, by subtracting the Peano polynomial of orderm of f at 0, we may assume that Dα f (0) = 0 for all multi-indices α
with |α| ≤ m. Since 0 ∈ S, we know that the function Dα f is not continuous at 0 for at least onemulti-index α with |α| = m.
Thus, there exists anM > 0 such that 0 belongs to the closure of one of the sets
{Dα f > M} or {Dα f < −M}.
We work with the first set; the arguments for the second set are similar.
By the properties of a stratification and since Dα f is continuous on S, there is a δ > 0 such that
S ∩ Bδ(0) ∩ {Dα f > M} = ∅. (2.2)
Hence, by the Curve-Selection Lemma (see [3, p. 94]) and C1 cell decomposition, there is a definable C1 curve ϕ : (0,∆)→
{Dα f > M}with
lim
t→0ϕ(t) = 0
and
ϕ(t) 6= 0, t > 0.
Lemma 2.3 implies that in a suitable linear orthogonal coordinate system, the curve ϕ may be chosen of the form
• ϕ(t) = (t, ϕ2(t), . . . , ϕ(t)),
with
• limt→0 ϕ(t) = 0,
• ϕ′(0) = (1, 0, . . . , 0).
Since dim(Sm(f )) = d and S is a stratum of dimension d of a stratification compatible with each of the sets A1, . . . , Ar , we
may assume that
S ∩ Bδ(0) = Sm(f ) ∩ Bδ(0).
So, because of Eq. (2.2) and after some shrinking of δ, the set
{Dα f > M} ∩ Bδ(0)
is open.
Recall thatR is polynomially bounded. Hence, there are a positive q ∈ Q and c, d > 0 such that
B(c, d, ϕ, ρ) ⊂ {Dα f > M} ∩ Bδ(0),
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where ρ(t) := tq. Notice that for any polynomial pwhich is o(‖x‖m) as x→ 0, there exists a∆ > 0 such that
|Dαp(x)| < M2
for ‖x‖ < ∆.
Hence, on letting pk be the Peano polynomial of f of order k (k > m) at 0, we have
B(c,∆/n, ϕ, ρ) ⊂
{
Dα(f − pk) > M2
}
∩ B∆(0).
By Proposition 2.2, there is a definable thick subset Z of U such that
|Dα(f − pk)(u)| ≤ Cdist(u, ∂Z)m sup{|(f − pk)(v)|; v ∈ Z, ‖u− v‖ < dist(u, ∂Z)},
where C depends only on |α|. Without loss of generality, we may assume that 0 6∈ Z . By Lemma 2.1, there are γ , δ > 0 and
a curve
ψ : (0, δ)→
{
Dα(f − pk) > M2
}
∩ B∆(0) ∩ Z
of the form described in Lemma 2.1 such that
B(γ , δ, ψ, ρ) ⊂
{
Dα(f − pk) > M2
}
∩ B∆(0) ∩ Z .
Notice that the choice of ρ implies that for t ∈ (0, δ)we have
dist(ψ(t), ∂Z) ≥ γ tq.
After some further shrinking of δ, we may assume that
‖ψ(t)‖ ≤ 2|t|
for t ∈ (0, δ). Hence, having in mind that 0 ∈ ∂Z , there is γ2 > 0 such that
sup{|(f − pk)(v)|; v ∈ Z, ‖ψ(t)− v‖ < dist(ψ(t), ∂Z)} ≤ γ2tk
Choose the positive integer k so that k > mq+ 1. Then
|Dα(f − pk)(ψ(t))| ≤ C
(γ1tq)m
tkγ2 ≤ C ′t
for some C ′ > 0. Hence, for t < M/(2C ′), we have
|Dα(f − pk)(ψ(t))| < M2 .
This is a contradiction. Hence ξ 6∈ S, so S = ∅. Hence f is a Cm function. 
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